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A nematic liquid crystal (NLC) layer with the anisotropy axis modulated at a fixed
rate q in the transverse direction is considered. If the layer locally constitutes a half-
wave plate, then the thin-screen approximation predicts 100% efficient diffraction
of a normal incident wave. The possibility of implementing such a layer via anchor-
ing at both surfaces of a cell with thickness L is studied as a function of parameter
qL, and threshold values of this parameter are found for a variety of cases. Distor-
tions of the structure of the director in comparison with the ideal profile are found
via numerical modeling. Freedericksz transition is studied for this configuration.
Coupled-mode theory is applied to light propagation through such a cell allowing to
account for walk-off effects and effects of nematic distortion. In summary, this cell
is suggested as a means for projection display; high efficiency is predicted.
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1. INTRODUCTION

The technology of projection displays has exhibited enormous progress
in the past decade. In particular, liquid crystal–based projection
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displays (projection LCDs) [1,2] actively compete with microelectro-
mechanical systems (MEMS) [3] and with older technologies such as
projection from the screens of cathode ray tubes (CRTs) [4].

An interesting subset of the design of the projection LCDs is
connected with the following idea. In the ‘‘off’’ state of a pixel, the
illuminating beam is diffracted at a considerable angle. As a result,
the beam is blocked by an aperture positioned downstream of the light
propagation [5–9]. The pixel can be switched into the ‘‘on’’ state by
eliminating the diffraction using a controlling agent, typically a locally
applied electric field. One of the problems in this design is the require-
ment of very strong suppression of the intensity left in the zeroth
diffraction order in the ‘‘off’’ state, so that a high-contrast ratio may
be achieved.

In this article we propose the use of an LC cell with a specific orien-
tation of director. Namely, we suggest using a cell with its director’s
azimuth monotonously rotating as a function of one of the transverse
coordinates. When the cell locally constitutes a ‘‘half-wave plate’’ with
respect to polarization, the diffraction of incident light from the inci-
dent diffraction order is complete. An additional advantage of this
design is that it utilizes both polarizations of incident light.

In Section 2 of this article, we describe the physical principle of the
operation of the suggested NLC element. We develop a detailed study
of the performance of the suggested display element in the rest of the
article.

In Section 3 we study distortions of the NLC orientation [i.e., devia-
tions of the director profile in the bulk of NLC cell from its ideal struc-
ture given by Eq. (1)]. We show that the preferred orientation is stable,
if the ratio of thickness to the modulation period (L=K) is small
enough, typically about 0.4. or less. We also consider the change of this
profile under the application of the controlling electric field (Frieder-
icksz transition). These results are obtained using numeric integration
of the dynamic equations to find the equilibrium director profile of
NLC in the cell.

Then, in Section 4, we consider the problem of light propagation in
the cell with the walk-off effects. The latter effects arise because of the
finite angular tilt of the incident and diffracted waves in the process of
propagation, so that the tilted ray traverses a considerable fraction of
the structure’s period. We estimate the impact of the walk-off effects
on performance of the cell. In particular, we elucidate the potentially
harmful influence of those effects on the degree of suppression of
transmitted light in the ‘‘off ’’ state (i.e., on the contrast ratio). Finally,
we make a similar estimation for the influence of the bulk distortions
of the NLC director profile, found in Section 3, on diffraction.

2 H. Sarkissian et al.
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2. PRINCIPLE OF OPERATION OF THE PROJECTION
DISPLAY ELEMENT

We consider an NLC, confined inside a layer 0 < z < L with the azi-
muth of the director n monotonously rotating in transverse direction
x (Fig. 1), so that a periodic structure

n ¼ n0ðxÞ ¼ fcosðqxÞ; sinðqxÞ; 0g; q ¼ 2p
K
; ð1Þ

is realized. Here K is the director’s period. Because the NLC’s vector
of director n and its negative, �n, are physically equivalent, physi-
cal properties of such an NLC are modulated with the period K=2.
Such an NLC is locally birefringent, with the optical axis lying in
(x, y)-plane and rotating along the x direction. Let’s consider the
effect of this birefringence on normally incident light using the Jones
matrix analysis.

FIGURE 1 Orientation of an NLC in a planar cell 0� z�L, with the azimuth
uðxÞ of the director monotonously growing along the transverse coordinate:
uðxÞ ¼ qx � 2px=K: a, top view and b, side view.

Periodically Aligned Liquid Crystal 3
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According to the Jones matrix formulation, the evolution of electric
field E(z) along the propagation direction is given by

ExðzÞ
EyðzÞ

� �
¼ bTTðx; zÞ � Exð0Þ

Eyð0Þ

� �
: ð2Þ

Here E(z) is slowly varying envelope of the electric field at the optical
frequency x,

Erealðz; tÞ ¼ 0:5½EðzÞ expð�ixtþ ikzÞ þ compl. conj.�:

Matrix T represents phase retardation by the birefringent medium
with refractive indexes no and ne, respectively. It should be written
in the local coordinate system attached to the director, so that

bTTðx; zÞ ¼ cos qx �sin qx

sin qx cos qx

� �
�

expðij � zÞ 0

0 expð�ij � zÞ

� �
�

cos qx sin qx

�sin qx cos qx

� �
; j ¼ pðne � noÞ

k
: ð3Þ

Here 2j � z is the phase retardation between the two polarizations, and
k is the wavelength in vacuum. Thus, the evolution of the electric field
with distance is given by

Exðx; zÞ ¼ ½cosðz � jÞ þ i cosð2qxÞ sinðz � jÞ�Exðz ¼ 0Þ
þ i sinð2qxÞ sinðz � jÞEyðz ¼ 0Þ;

Eyðx; zÞ ¼ i sinð2qxÞ sinðz � jÞExðz ¼ 0Þ þ ½cosðz � jÞ
� i cosð2qxÞsinðz � jÞ�Eyðz ¼ 0Þ:

These relations can be written in terms of circularly polarized
components:

R ¼ Ex � iEy; L ¼ Ex þ iEy; ð4Þ

Lðx; zÞ ¼ cosðz � jÞLðz ¼ 0Þ þ i � expð2iqxÞ sinðz � jÞRðz ¼ 0Þ;
Rðx; zÞ ¼ cosðz � jÞRðz ¼ 0Þ þ i � expð�2iqxÞ sinðz � jÞLðz ¼ 0Þ:

If we assume

Lðx; zÞ ¼ L0ðzÞ þ L1ðzÞ expð2iqxÞ and

Rðx; zÞ ¼ R0ðzÞ þ R�1ðzÞ expð�2iqxÞ;
ð5Þ

then

R0ðzÞ ¼ cosðz � jÞR0ð0Þ þ i sinðz � jÞL1ð0Þ;
L1ðzÞ ¼ cosðz � jÞL1ð0Þ þ i sinðz � jÞR0ð0Þ;

ð6Þ

4 H. Sarkissian et al.
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R�1ðzÞ ¼ cosðz � jÞR�1ð0Þ þ i sinðz � jÞL0ð0Þ;
L0ðzÞ ¼ cosðz � jÞL0ð0Þ þ i sinðz � jÞR�1ð0Þ:

ð7Þ

Relationships (6, 7) describe the process of coupling between two
circularly polarized waves, R and L, propagating in the modulated
NLC. It shows that only the plus first and minus first diffraction
orders are generated by the device. If the thickness of the cell L satis-
fies the condition of the half-wave plate,

Lðne � noÞ ¼
k
2
; i:e:; j � L ¼ p

2
;

then all power of the incident wave with right circular polarization is
transferred into the (þ1st) diffraction order, and that diffraction order
acquires left circular polarization. Similarly, an incident wave with left
circular polarization is 100% transferred into the (�1st) diffraction
order, and that diffraction order acquires right circular polarization:

R�1ðz ¼ LÞ ¼ iL0ðz ¼ 0Þ; L1ðz ¼ LÞ ¼ iR0ðz ¼ 0Þ: ð8Þ

This important property of the sinusoidally aligned NLC has been pre-
viously discussed [10–12]. It constitutes the basis of the use of the NLC
structure (1) as an element of a projection display. In the configuration
shown in Fig. 2 we propose a possible design of such display cell.
Transparent electrodes are attached to the cell surfaces. When no

FIGURE 2 Design of a pixel of a projection display operating on a periodically
aligned NLC. When no voltage is applied across the cell, the light of both polar-
izations is 100% diffracted into �1-st orders and is blocked by the aperture of
the projection lens. Application of the voltage results in suppression of diffrac-
tion and thus in the bright state of the pixel.

Periodically Aligned Liquid Crystal 5
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voltage is applied and the NLC structure is periodically aligned, the
waves do diffract and can be blocked with an aperture. In this case
the cell works in the ‘‘off’’ regime. The cell can be switched to the
‘‘on’’ regime by application of voltage sufficiently high to destroy the
periodic structure. Then the NLC cell becomes homogeneous; light is
not diffracted and passes through the aperture.

In addition to this application, this element can be used as an
electrically controllable polarization beam splitter because the only
diffracted orders are the two first orders, which are right- and left-
circularly polarized. If, however, the cell is illuminated by two right-
and left-circularly polarized waves, corresponding to plus- and
minus-first diffracted orders, they combine into a single beam. In this
way, this cell may be used as an electrically controllable incoherent
beam combiner.

In the rest of the article we develop a detailed study of the perform-
ance of the suggested element.

3. EQUILIBRIUM OF THE DIRECTOR IN THE PERIODICALLY
ALIGNED NLC CELL

A possible way to obtain the desired NLC structure as in Eq. (1) is
through anchoring at the top and the bottom interfaces. The pre-
scribed angle of anchoring of the NLC at the boundary is usually
achieved by mechanical rubbing of the surface coated with a very thin
polymer layer. Orientation of Eq. (1) evidently cannot be realized with
rubbing. However, there is another method to create the prescribed
anchoring azimuth which utilizes photo-polymerization under illumi-
nation by a linearly polarized ultraviolet (UV) light [13–17]. A mono-
tonously rotating azimuth of local linear polarization of the UV light
may be achieved if the light constitutes a pair of two mutually coher-
ent circularly polarized waves, one right circular and the other left
circular, propagating at an angle to each other. Indeed,

EðxÞ ¼ E0ðex þ ieyÞ expð�iqxÞ þ E0ðex � ieyÞ expðiqxÞ
� 2E0½ex cosðqxÞ þ ey sinðqxÞ� ¼ const � n0ðxÞ: ð9Þ

The rest of Section 3 deals with the problem of stability of the
desired structure of the director, Eq. (1), in the bulk of the NLC cell.
When thickness L is small, the director distribution in the bulk should
follow the distribution prescribed at the surfaces. However, such dis-
tribution is unstable for a thick cell, because its elastic energy can
be reduced by formation of a homogeneous distribution in the bulk.

6 H. Sarkissian et al.
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The onset of this instability is characterized by the value of critical
thickness, over which structure Eq. (1) becomes impossible to achieve.

To obtain the director distribution in the NLC that is anchored at
the boundaries and to analyze its stability, we have to solve the
equilibrium equations with appropriate boundary conditions. This
solution is convenient to achieve via consideration of the time-
dependent process of buildup of the steady-state distribution of the
director.

Dynamics of the director of the NLC can be described with the evol-
ution equation [18,19],

dF

dni
� @k

dF

dð@kniÞ
¼ dR

d _nni
: ð10Þ

Here R is the dissipative function, and F is the nematic free energy,
respectively:

R ¼ cfð@n=@tÞ � ð@n=@tÞg
2

;

F ¼ ð1=2Þ � ½K1ðdiv nÞ2 þ K2ðn � curl nÞ2 þ K3ðn� curl nÞ2�: ð11Þ

After substituting Eq. (11) into Eq. (10), one can write the evolution
equation in terms of director n:

@n

@t
¼ h

c
; h ¼ H� nðn �HÞ: ð12Þ

Vector H is known as the ‘‘molecular field’’ before the procedure of
its orthogonalization to local director n, whereas vector h is the ‘‘mol-
ecular field’’ after that procedure. Cartesian components of H are

Hi ¼ ðK1 � K2Þ @ið@anaÞ þ K2ð@a@aÞni þ ðK3 � K2Þ
� fnanbð@a@bniÞ þ nað@bnbÞð@aniÞ
þ nað@anbÞð@bniÞ � nað@anbÞð@inbÞg: ð13Þ

The solution we are looking for should satisfy the boundary con-
ditions at the surfaces z ¼ 0 and z ¼ L,

nðx; z ¼ 0Þ ¼ nðx; z ¼ LÞ ¼ n0ðxÞ � fcosðqxÞ; sinðqxÞ; 0g: ð14Þ

In the general case, this equation, as written through the director
and its spatial derivatives, cannot be solved analytically. However,
an analytical solution exists in the monoconstant case.

Periodically Aligned Liquid Crystal 7
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Solution and Its Stability in Monoconstant Approximation

In monoconstant approximation, when K1 ¼ K2 ¼ K3 ¼ K, the molecu-
lar field, Eq. (13), is reduced to

H ¼ Kðr � rÞn: ð15Þ

Direct substitution shows that the director distribution
n0ðxÞ ¼ fcosðqxÞ; sinðqxÞ; 0g prescribed by Eq. (1) satisfies the equilib-
rium condition in the whole volume of the cell, because the H-vector
turns out to be parallel to n0(x), and hence h-vector is zero:

@n0

@t
¼ K

c

� �
fð$ � $Þn0 � n0½n0 � ð$ � $Þn0�g � 0:

Therefore n0(x) is an exact solution in the monoconstant case. The
onset of instability of this solution can be evaluated by assuming

nðx; z; tÞ ¼ fcosðbÞ cosðqxþ aÞ; cosðbÞ sinðqxþ aÞ; sinðbÞg

where a(x, z, t) and h(x, z, t) are small deviation angles. It can be
approximated with

nðx; z; tÞ � n0ðxÞ þ aðx; z; tÞmðxÞ þ ezbðx; z; tÞ;
mðxÞ ¼ f� sinðqxÞ; cosðqxÞ; 0g:

ð16Þ

As a result, one can obtain

@b
@t
¼ K

c

� �
½q2bþ ð$ � $Þb�; @a

@t
¼ K

c

� �
ð$ � $Þa: ð17Þ

It is convenient to look for the solution of the b-equation in the form
of a superposition of eigenmodes, expð�lmtÞ sinðmpz=LÞ. Then Eq. (17)
yields

b /
X

expð�lmtÞ sin
mpz

L

� �n o
; lm ¼

K

c

� �
pm

L

� �2
�q2

� �
: ð18Þ

Therefore, the onset of the instability begins (at the mode m ¼ 1),
when L ¼ 0:5K, or qL ¼ p. The system is always stable with respect
to the a-perturbations.

Numerical Calculations

Although monoconstant approximation is relatively simple and
illustrative, it represents real NLCs only to some approximation. To
examine real NLCs, we solve the dynamic Eqs. (12, 13) numerically.
We assume arbitrary initial distribution with fixed periodic boundary
conditions (14) at the surfaces. We then use Eq. (12) to allow the LC to

8 H. Sarkissian et al.
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relax into the steady-state equilibrium distribution. When the ideal
periodically aligned structure n0(x) from Eq. (1) is stable, the volume
average

nzh i ¼
1

V

ZZZ
V

nzdV ð19Þ

is zero. It usually becomes nonzero in the presence of the considerable
distortions in comparison with the ideal structure. Because the initial
distribution and boundary conditions do not depend on the y-co-
ordinate, we have omitted y-derivatives in our computation.

FIGURE 3 Instability of the ideal periodically aligned structure, Eq. (1), of an
NLC arises at the thickness L < aK, where the dimensionless parameter a
characterizes the threshold: a, monoconstant NLC, for which both analytic
and numeric calculations yield a ¼ 0.5, and b, a derivative of previous function
better illustrates the sharp onset of instability.

Periodically Aligned Liquid Crystal 9
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Figures 3a and 4a demonstrate the plots of hnzi as a function of
thickness for monoconstant LC and for 5CB respectively. It has a pro-
nounced critical point, which separates stable and unstable regions.
The derivative of hnzi with respect to parameter (L=K) is presented
in Figs. 3b and 4b; this derivative has a sharp peak at the critical
thickness. As expected, critical thickness is L ¼ 0.5K for monoconstant
case. Table 1 lists values of critical thickness and maximum diffraction
angle [calculated using Eq. (26)] for a number of other NLCs.

FIGURE 4 Instability of the periodically aligned structure, Eq. (1), of an NLC
for the nonmonoconstant NLC; particular values were taken as for 5CB: a,
symmetry-breaking perturbation onsets at L > 0.33K and b, derivative of
previous function better illustrates the sharp onset of instability.

10 H. Sarkissian et al.
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Asymptotic Analytical Solution: Thin Cell

When the thickness is well less than critical, the sinusoidally aligned
structure is reasonably close to the stable solution of the equations of
equilibrium. The director may slightly deviate from the ideal unper-
turbed distribution because the Frank’s constants are not equal to
each other. This deviation can be found using perturbation theory with
the small dimensionless parameter qL. Assuming n � n0 þ a m þ ezh,
as in Eq. (16), and keeping the terms proportional to (qL)2 and neglect-
ing the higher degrees, one can get

h0 þ K2m
@2a
@z2

� �
¼ 0; h0 ¼ q2ðK1 �K3Þ sinðqxÞ cosðqxÞ �m; b � 0:

ð20Þ

That allows us to find the profile of azimuthal angle deviation a, if
conditions a (at the boundaries) ¼ 0 are assumed:

aðx; zÞ ¼ ðqLÞ20:5
ðK1 � K3Þ

K2

� �
sinðqxÞ cosðqxÞ zðL� zÞ

L2

� �
; ð21Þ

and therefore

dnxðx; zÞ ¼ �ðqLÞ20:5
ðK1 � K3Þ

K2

� �
sin2ðqxÞ cosðqxÞ zðL� zÞ

L2

� �
; ð22Þ

dnyðx; zÞ ¼ ðqLÞ20:5
ðK1 � K3Þ

K2

� �
sinðqxÞ cos2ðqxÞ zðL� zÞ

L2

� �
: ð23Þ

Numeric calculations confirm good validity of this perturbative sol-
ution for small (qL), about 0.3 or less. For larger values of that para-
meter, in the vicinity of the critical thickness, actual amplitude of
perturbations was found to be much smaller than the perturbative
analytic result. In particular, for the NLC 5CB and qL � 2, the ampli-
tude of (nx, ny)-distortions was about five times smaller.

Friedericksz Transition in Periodically Bent NLC under the
Applied Electric Field

The pixel transmission is supposed to be controlled via application of
external quasi-static (at radio-frequency) voltage V across the layer
0 < z < L (i.e., via the application of the field E ¼ ezV=L). Application
of such a field is accounted for by the addition of the term
�0:5e0ðek � e?ÞðE � nÞ2 to the free-energy density F from Eq. (11). The
analysis analogous to this shows that the instability threshold is

12 H. Sarkissian et al.
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given by a line, which in monoconstant approximation is an ellipse in
(L, V)-plane:

ðqLÞ2 þ
e0ðek � e?Þ

K2

� �
V2 ¼ p2;

L

L0

� �2
þ V

V0

� �2
¼ 1; ð24Þ

where L0 ¼ K=2 and V0 ¼ {p2 K2=[e0(ek � e?)]}1=2. Here e0 is 8:85 � 10�12

Farad=m, and ek and e? are the dimensionless longitudinal and trans-
verse dielectric constants, respectively.

Figures 5a and 5b show the result of numerical buildup of the
steady state, namely the value of hnzi as a function of cell thickness
L and applied voltage V for a cell with a monoconstant NLC and for
5CB respectively. On Fig. 5a the stability area inside the ellipse is
the region where the periodically aligned structure exists in an ideal

FIGURE 5 Onset of Friedericksz transition in periodically aligned liquid
crystal; volume average value of h(nz)

2i versus parameters L=K and applied
voltage V: a, monoconstant NLC and b, graph for 5CB.

Periodically Aligned Liquid Crystal 13
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form, Eq. (1). Our computations show that the form of such a region is
close to ellipse, even if the NLC in consideration is not monoconstant.

4. DIFFRACTION BY PERIODICALLY ALIGNED NLC

As was shown in Section 2, achieving 100% diffraction efficiency
requires that the NLC layer locally constitutes k=2 plate, that is, that

L � ðne � noÞ ¼
k
2
: ð25Þ

On the other hand, the diffraction angle can be found from the equa-
tion sinh ¼ 2k=K, where taking half of the mathematical period K
accounts for the equivalence of plus and minus directions of the
director. Thus,

sin h ¼ 2k
K
¼ 4ðne � noÞ

L

K

� �
: ð26Þ

Through this equation the upper limit of L=K imposes a limit on the
maximum diffraction angle, shown in Table 1.

This conclusion about 100% diffraction efficiency was made in the
approximation of a thin phase screen. In other words, until now we
have ignored the effects of walk-off of the ray across the periodic struc-
ture, as the light propagates at an angle (hinc=n) to the z-direction
inside the cell (see Fig. 6). Another effect that may deteriorate the

FIGURE 6 Toward the calculation of the walk-off effects in the diffraction
process.

14 H. Sarkissian et al.
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performance of the suggested device is the influence of possible devia-
tions of the director from the ideal structure, Eq. (1). To account for
both of these effects, we have to write differential equations that
describe 1) propagation of tilted waves and 2) coupling of different
polarizational=angular components through the anisotropic dielectric
permittivity tensor.

Because the values of the angle are relatively small, especially
inside the material of the cell, we use paraxial (parabolic) approxi-
mation for the dependence of the z-component of wave vector kz on
sinðhÞ � h [20]. We present the electric field of the light wave inside
NLC in the form

Erealðz; tÞ ¼ 0:5½Eðx; zÞ expð�ixtþ ikzÞ þ compl: conj:�;

k ¼ xn

c

� �
; n ¼ ðne þ noÞ

2
; ð27Þ

Eðx; zÞ ¼ 0:5ðex þ ieyÞRðx; zÞ þ 0:5ðex � ieyÞLðx; zÞ; ð28Þ

Rðx; zÞ ¼ expðisxÞ
X1

m¼�1
RmðzÞ expð2iqmxÞ;

Lðx; zÞ ¼ expðisxÞ
X1

m¼�v1
LmðzÞ expð2iqmxÞ; ð29Þ

where the amplitudes Rm(x, z) and Lm(x, z) satisfy equations

dRm

dz
¼ � iðsþ 2mqÞ2

2k
RmðzÞ þ i

X
p

RmþpðzÞqp þ i
X

p

LmþpðzÞjp ð30Þ

dLm

dz
¼ � iðsþ 2mqÞ2

2k
LmðzÞ þ i

X
p

LmþpðzÞrp þ i
X

p

Rm�pðzÞðjpÞ
: ð31Þ

The variable s ¼ (x=c)hinc characterizes the angle of incidence of the
input wave (in air). The terms (sþ 2mq)2=2k in Eqs. (30) and (31) con-
stitute the difference between (kz, z)-projection of the wave vector for
the given mth Fourier component in the expansion (29) and the value
k ¼ (xn=c), which was assumed in Eq. (27) for normal incidence. To be
more precise, we took the paraxial (parabolic) approximation for this
difference. These terms describe propagation of tilted beams and, thus,
walk-off effects. Coupling coefficients qp, rp, and jp describe the influ-
ence of the optical anisotropy of the liquid crystal in a periodically
aligned configuration.

Periodically Aligned Liquid Crystal 15
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The approximation of the ideal structure, Eq. (1), corresponds to
only one nonzero coupling coefficient:

j1 ¼ ðj1Þ
 ¼ j ¼ p
ðne � noÞ

k
: ð32Þ

Meanwhile all the other coupling coefficients qp, rp, and jp are zero for
propagation in the ideal structure, Eq. (1). Then the system (30), (31)
for the incident R0 wave simplifies to

dR0ðzÞ
dz

¼ �in0R0ðzÞ þ ij � L1ðzÞ;
dL1ðzÞ

dz
¼ ij �R0ðzÞ � in1L1ðzÞ; ð33Þ

n0 ¼
s2

2k
; n1 ¼

ðsþ 2qÞ2

2k
; ð34Þ

The solution of the system (30), (31) is well known:

R0ðzÞ
L1ðzÞ

� �
¼ bMMðzÞ � R0ðz ¼ 0Þ

L1ðz ¼ 0Þ

� �
;

bMM ¼ expðiuÞ
cosðuzÞ � iðn=uÞ sinðuzÞ ij sinðuzÞ

u
ij sinðuzÞ

u cosðuzÞ þ iðnuÞ sinðuzÞ

0@ 1A
ð35Þ

u ¼ �ðn0 þ n1Þ
2

; n ¼ ðn0 � n1Þ
2

¼ �ðsqþ q2Þ
k

; u ¼ ðj2 þ n2Þ0:5: ð36Þ

Those expressions show that the diffraction efficiency g (i.e., intensity
coefficient of transformation from R0 into L1),

g ¼ j
u

� �
sinðuzÞ

h i2
ð37Þ

has its maximum at n ¼ 0 for any value of z in the range 0 < z < p=2j.
Moreover, 100% efficiency is achieved when jL ¼ p � ðne � noÞ=
kL ¼ p=2 [i.e., when Eq. (25) of half-wave plate is satisfied].

In view of our task of creating an element for a display pixel, we are
mostly concerned with leaving no intensity in the original, undif-
fracted order. This remaining intensity constitutes the following
fraction of the incident intensity jR0j2:

jR0ðz¼LÞj2 ¼ ð1� gÞ � jR0ðz¼ 0Þj2 � jR0ðz¼ 0Þj2 � 2nL

p

� �2
þ jL�p

2

� �2" #
:

ð38Þ

16 H. Sarkissian et al.
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We see that even for the optimum value of interaction strength,
jL ¼ p=2, the remaining transmission is about 0.4(nL)2. In its turn,
the optimum value n ¼ 0 is achieved at symmetric geometry, hinc ¼
�(k=K). Indeed,

2nL

p
¼ � 2L

p

� �
� ðsqþ q2Þ

k
¼ � 4L

ðnKÞ

� �
� ½hinc þ 0:5jhdiff j�

¼ � 4L

ðnKÞ

� �
� hinc þ

k
K

� �� �
: ð39Þ

Let us make an estimation of the undiffracted intensity in the worst-
case scenario of the normal incidence of illuminating wave, hinc ¼ 0:

ð1� gÞ � 4Lk

ðnK2Þ

" #2

� 8ðne � noÞ
n

� �
� L

K

� �2( )2

: ð40Þ

For example, taking (L=K) ¼ 0.2 (below critical value) and
(ne� no)=n ¼ 0.1, we get ð1� gÞ � 1:0 � 10�3, or 1=(1� g) � 1000. This
last number characterizes the value of the potential contrast ratio (i.e.,
intensity ratio for the bright state of the pixel to that for the dark one).
This estimate shows that the walk-off effects will not degrade the
performance of the suggested device to a considerable degree.

Another potential source of transmission of incident light into zeroth
diffraction order is the deviation of equilibrium structure of a nonmono-
constant NLC from its ideal profile, Eq. (1). Taking the perturbative
approximation for those distortions, Eqs. (21–23), one gets additional
coupling coefficients between various diffraction orders. Suppose that
the light, which illuminates the pixel, is an incoherent combination of
right- and left-circularly polarized waves. Then, the most ‘‘damaging’’
is the coefficient j0(z), which couples those orders. In zeroth approxi-
mation the amplitude R0ðzÞ ¼ R0ð0Þ cosðj1zÞ � R0ð0Þ cosðjzÞ, and
then coupling via j0 results in excitation of additional amplitude dL0(z),
incoherent with the incident L0(0):

dL0ðz ¼ LÞ ¼
Z L

0

j0ðzÞR0ðzÞdz; ð41Þ

Calculations show that the distortions given by Eqs. (21–23) lead to the
following expression for j0(z), and thus to the incoherent addition dL0(z):

j0ðzÞ ¼ j
ðK3 �K1Þ

K2

� �
2pL

K

� �2
( )

zðL� zÞ
ð4L2Þ

� �
;

dL0ðz ¼ LÞ ¼ 0:043i
ðK3 � K1Þ

K2

� �
2pL

K

� �2
( )

R0ðz ¼ 0Þ

Periodically Aligned Liquid Crystal 17
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where we used the already assumed condition jL ¼ p=2. Taking the
worst-case scenario, when L=K ¼ 0.3 (i.e., when thickness is close to
critical), for 5CB, and recalling that for thickness close to critical the
numerically found amplitude of distortion is about five times smaller
(for 5CB) than the result of analytic calculation by perturbation
theory, Eqs. (21–23), we obtain

jdL0ðz ¼ LÞj2 ¼ jR0ðz ¼ LÞj2 � 0:034

25

� �
� jR0ðz ¼ LÞj2

727
:

We see that the deviation of the director profile from the ideal struc-
ture, Eq. (1), does not significantly harm the contrast ratio.

5. CONCLUSION

To conclude, in this article we suggest a new design of an element of
LC projection display based on transverse periodicity of azimuthal
alignment of NLCs. We have calculated the conditions of stability of
such an LC structure as well as the conditions when this element com-
pletely eliminates the zeroth order of the incident light via diffraction.
Several important factors that might deteriorate the performance and
contrast ratio of such an element were considered in detail. Among
essential advantages of the suggested device is the possibility to com-
pletely utilize the total power of depolarized illuminating light, as well
as rejection of the signal using aperture instead of polarizer. Our esti-
mates make us cautiously optimistic about the prospects of creating
such an element.
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